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• f1, . . . , fk: computable series over K

Given P ∈K[δℕF1, . . . ,δℕFk], decide whether P ( f1, . . . , fk)=0.

Problem: zero-test

A series f is said to be D-algebraic if there exists a non-zero differential polynomial
P ∈K[δℕF ] with P( f )=0.

Definition

Main focus: fi is a grid-based D-algebraic transseries, represented by (Pi, fi).
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A transseries generalizes ℝ[[z]] by closing it under exp, log and infinite summation.

ex
−π+2x −2π+3x −3π+⋅ ⋅ ⋅ −3ex

2
+5 (logx)π+42+x −1+2x −2+6x −3+24x −4+ ⋅ ⋅ ⋅

Here regard x as a positive infinite indeterminate.

Further restriction to “good” support: consider the set of grid-based transseries T.

Why to consider T?

• forms a field closed under differentiation and composition;

• includes the resolution of many differential equations;

• effective computation, analogous to multivariate Laurent series.
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• 𝔅: a transbasis (𝔟1, . . . ,𝔟n)

A grid-based transseries can be represented as

f = �
α1, . . . ,αn∈ℝ

(α1, . . . ,αn)�(v1, . . . ,vn)

fα1, . . . ,αn ⋅𝔟1
−α1⋅ ⋅ ⋅𝔟n−αn.

• v( f )=min {(α1, . . . ,αn) ∣ fα1, . . . ,αn≠0}

• f *g: if v( f )> v(g)

• B=ℝ[[𝔟1−ℝ; . . . ;𝔟n−ℝ]]: the field of all grid-based transseries w.r.t. 𝔅

• δ1, . . . ,δn: natural derivations on ℝ[[𝔟1−ℝ; . . . ;𝔟n−ℝ]]
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Example: With 𝔅= (logx ,x ,x x, ex
π+x), we can write

f = (logx)π +x −1+2x −2+6x −3+24x −4+ ⋅ ⋅ ⋅ +x −x e−(x
π+x)+x −2xe−2(x

π+x)+ ⋅ ⋅ ⋅
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• B{F }=B[δ1ℕF ]: ring of (univariate) differential polynomials over B

• P : a non-trivial differential polynomial in B{F }∖B

• ℓP : the highest δ1i F occuring in P , called the leader of P

• rankP := (ℓP , degℓPP), called the Ritt rank of P

Reducibility

P ,Q1, . . . ,Q l ∈B{F }∖B

P is reducible w.r.t. Q1, . . . ,Q l ⇐⇒⇐⇒⇐⇒ ∃i, rankP � rankQ i
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• B{F }=B[δ1ℕF ]: ring of (univariate) differential polynomials over B

• P : a non-trivial differential polynomial in B{F }∖B

• ℓP : the highest δ1i F occuring in P , called the leader of P

• IP : the leading coefficient of P , called the initial of P

• SP := ∂P /∂ℓP , called the separant of P

Ritt reduction

IQ1

α1 ⋅ ⋅ ⋅ IQ l

αl SQ1

β1 ⋅ ⋅ ⋅ SQ l

βl P = Θ1Q1+ ⋅ ⋅ ⋅ +ΘlQ l +R

B{F }[δ1] reduced w.r.t. Q1, . . . ,Q lℕ

P remQ := P rem(Q1, . . . ,Q l) := R



Quasi-linear equations 6/14

Valuation extension

v( f )∈ℝn∪ {∞}: valuation in (𝔟1−1; . . . ;𝔟n−1) of f ∈B=ℝ[[𝔟1−1; . . . ;𝔟n−1]]

Valuation extends to ℝ[[𝔟1−1; . . . ;𝔟n−1]]{F }⊂−ℝ{F }[[𝔟1−1; . . . ;𝔟n−1]]

• P : a differential polynomial written as P =∑i =(i0, . . . ,ir)Pi ∏j (δ1
jF)ij

• P[d] :=∑|i |=dPiδ1i F , where |i | :=∑j ij and δ1i F :=∏j (δ1
jF)ij

The following equation is said to be quasi-linear if v(P)= v(P[1])< v(P[0]).

P( f ) = 0, f * 1

Definition
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• P : a differential polynomial written as P =∑i =(i0, . . . ,ir)Pi ∏j (δ1
jF)ij

• P[d] :=∑|i |=dPiδ1i F , where |i | :=∑j ij and δ1i F :=∏j (δ1
jF)ij

Example: With 𝔅= (x , ex), the equation P( f )=0, f *1 is quasi-linear, where

P :=
x −1
e2x

+�1
x
−
1
ex

+
1
x ex

�δ1F +�1− x
ex

�F + Fδ1F
x

+F 2 ∈ B[δ1ℕF ].

Because v(P)= v(P[1])= (0,0)< v(P[0])= (−1,2).
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Indicial polynomial ΙP ∈ℝ[N ] of homogeneous P ∈B{F } of degree d

Writing P =∑|i |=dPiδni F ∈B[δnℕF ],

ΙP(N) := �
i

(Pi)v(P)(−N)‖i ‖ ∈ ℝ[N], ‖i ‖ := i1+2 i2+ ⋅ ⋅ ⋅ + r ir

For general P ∈B{F } and f ∈B s.t. P( f )=0 and f *1, we mainly focus on ΙP , f := ΙP+ f ,[1].

• P+ f : the differential polynomial s.t. P+ f (ε)=P( f + ε) for any ε ∈B

ZP , f := {{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{
∞, if ΙP , f =0
vn( f ), if ΙP , f (λ)≠0 for all λ∈ℝ
max {λ∈ℝ : ΙP , f (λ)=0}, otherwise

Note: ΙP , f ≠0 whenever P( f )=0, f *1 is quasi-linear.



Algorithms for power series 8/14

• R. H. Risch. Algebraic properties of elementary functions in analysis. Amer.
Journ. of Math., 4(101):743–759, 1975.

• J. Denef and L. Lipshitz. Power series solutions of algebraic differential equa-
tions. Math. Ann., 267:213–238, 1984.

• J. Shackell. A differential-equations approach to functional equivalence. In Proc.
ISSAC'89, pages 7–10. Portland, Oregon, ACM, New York, 1989. ACM Press.

• A. Péladan-Germa. Tests effectifs de nullité dans des extensions d'anneaux dif-
férentiels. PhD thesis, Gage, École Polytechnique, Palaiseau, France, 1997.

• J. van der Hoeven and J. R. Shackell. Complexity bounds for zero-test algo-
rithms. JSC, 41:1004–1020, 2006.

• J. van der Hoeven. Computing with D-algebraic power series. AAECC, 30(1):17–
49, 2019.



Algorithms for power series 8/14

• R. H. Risch. Algebraic properties of elementary functions in analysis. Amer.
Journ. of Math., 4(101):743–759, 1975.

• J. Denef and L. Lipshitz. Power series solutions of algebraic differential equa-
tions. Math. Ann., 267:213–238, 1984.

• J. Shackell. A differential-equations approach to functional equivalence. In Proc.
ISSAC'89, pages 7–10. Portland, Oregon, ACM, New York, 1989. ACM Press.

• A. Péladan-Germa. Tests effectifs de nullité dans des extensions d'anneaux dif-
férentiels. PhD thesis, Gage, École Polytechnique, Palaiseau, France, 1997.

• J. van der Hoeven and J. R. Shackell. Complexity bounds for zero-test algo-
rithms. JSC, 41:1004–1020, 2006.

• J. van der Hoeven. Computing with D-algebraic power series. AAECC, 30(1):17–
49, 2019.



Reduction and generalization 9/14

Let (P1, f1), . . . ,(Pk, fk)∈ℝ[δ1ℕF ]×B s.t. Pi( fi)=0.

Given Q ∈ℝ[δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0.



Reduction and generalization 9/14

Let (P1, f1), . . . ,(Pk, fk)∈F [δ1ℕF ]×B s.t. Pi( fi)=0.

Given Q ∈ℝ[δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0.

⇓

Given P1, . . . ,Pk ∈F [δ1ℕF ], Q ∈F [δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0,

where F ⊂−B is a differential field with a zero-test.



Reduction and generalization 9/14

Let (P1, f1), . . . ,(Pk, fk)∈F [δ1ℕF ]×B s.t. Pi( fi)=0.

Given Q ∈ℝ[δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0.

⇓

Given P1, . . . ,Pk ∈F [δ1ℕF ], Q ∈F [δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0,

where F ⊂−B is a differential field with a zero-test.

⇓

Given P1∈F [δ1ℕF ], Q ∈F [δ1ℕF1], decide whether Q ( f1)=0.



Reduction and generalization 9/14

Let (P1, f1), . . . ,(Pk, fk)∈F [δ1ℕF ]×B s.t. Pi( fi)=0.

Given Q ∈ℝ[δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0.

⇓

Given P1, . . . ,Pk ∈F [δ1ℕF ], Q ∈F [δ1ℕF1, . . . ,δ1ℕFk], decide Q ( f1, . . . , fk)=
?
0,

where F ⊂−B is a differential field with a zero-test.

⇓

Given P1∈F [δ1ℕF ], Q ∈F [δ1ℕF1], decide whether Q ( f1)=0.

The roots of any differential polynomial can always be embedded into an algebraic
differential extension field generated by exponentials, logarithms, and solutions of
several quasi-linear equations.

Theorem(van der Hoeven 2006)
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?
0,

where F ⊂−B is a differential field with a zero-test.

⇓

Given P1∈F [δ1ℕF ], Q ∈F [δ1ℕF1], decide whether Q ( f1)=0.

⇓

Given P1∈F [δ1ℕF ], Q ∈F [δ1ℕF1], decide whether Q ( f1)=0,

where P1( f1)=0, f1*1 is quasi-linear.
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• P : a general differential polynomial in B[δ1ℕF ]∖B

• f : an arbitrary transseries in B s.t. f *1

• LP , f := (P+ f )[1]

• B̃s :=ℂ[[(log ∘ . . .
s× ∘ log 𝔟1)−ℝ; . . . ;(log 𝔟1)−ℝ;𝔟1−ℝ; . . . ;𝔟n−ℝ]]
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• f : an arbitrary transseries in B s.t. f *1

• LP , f := (P+ f )[1]

• B̃s :=ℂ[[(log ∘ . . .
s× ∘ log 𝔟1)−ℝ; . . . ;(log 𝔟1)−ℝ;𝔟1−ℝ; . . . ;𝔟n−ℝ]]

Let P ∈B[δ1ℕ F ]∖B, f ∈B and σ > 0. Assume that LP , f ≠ 0 and f * 1. If vn(P( f )) >
vn(LP , f )+σ, then P has a root f̃ in B̃s with vn( f̃ − f )>σ, for some s ∈ℕ.

Proposition

Note:We always have LP , f ≠0 whenever SP( f )≠0.
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• P : a polynomial in B[δ1ℕF ]∖B s.t. P( f )=0, f *1 is quasi-linear

• f : a root of P in B satisfying f *1

Root separation for P at f

Smallest real number σP , f such that

• σP , f � vn( f );
• For any s ∈ℕ and f̃ ∈ B̃s, P( f̃ )=0 ∧ vn( f − f̃ )>σP , f ⇒ f = f̃ .
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• P : a polynomial in B[δ1ℕF ]∖B s.t. P( f )=0, f *1 is quasi-linear

• f : a root of P in B satisfying f *1

Root separation for P at f

Smallest real number σP , f such that

• σP , f � vn( f );
• For any s ∈ℕ and f̃ ∈ B̃s, P( f̃ )=0 ∧ vn( f − f̃ )>σP , f ⇒ f = f̃ .

Given a quasi-linear equation P( f )=0, f *1 with a solution f, we have

σP , f � max(vn( f ),ZP , f ).

Proposition
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Let P( f )=0, f *1 be a quasi-linear equation with a solution f .

Algorithm ZeroTest(Q1, . . . ,Qs)
INPUT: Q1, . . . ,Qs∈F {F }\{0}, ordered by non-decreasing Ritt rank
OUTPUT: true if Q1( f )= ⋅ ⋅ ⋅ =Qs( f )=0 and false otherwise

1. If Q :=Q1∈F then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qs)
3. If ZeroTest(SQ) then return ZeroTest(SQ,Q1, . . . ,Qs)
4. If ∃J ∈ {Q2, . . . ,Qs,P}, J remQ ≠0 then return ZeroTest(J remQ ,Q1, . . . ,Qs)
5. Let σ :=max(vn( f ),ZP , f ,vn(IQ( f )),vn(SQ( f )))
6. Return the result of the test vn(Q( f ))>σ + vn(LQ, f )
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IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ1rQ

P( f̃ ) = 0
f̃ = f

Q1( f )= ⋅ ⋅ ⋅ =Qs( f )=0

∃ f̃ ∈ B̃s, vn( f̃ − f )>σ ∧ Q( f̃ )=0
vn(IQ( f̃ ))= vn(IQ( f ))<σ
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