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. [K: an effective field of characteristic zero

e fi,-.., fk: computable series over K

Given PEK[SNF,, ..., 5N F], decide whether P ( fi,..., f) =0.

A series f is said to be D-algebraic if there exists a non-zero differential polynomial
PeIK[SNF] with P(f)=0.

Main focus: f;is a grid-based D-algebraic transseries, represented by (/. /).
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Transseries: a first glimpse 3114

A transseries generalizes R[[z]] by it under exp, log and infinite summation.

X T+2x 7274 3x 73y

e “_3e¥+5 (|0gx)“+42+x‘1+2X‘2+6X_3+24X_4+---

Here regard x as a positive infinite indeterminate.

Further restriction to : consider the set of grid-based transseries 1.

Why to consider T?
« forms a field closed under differentiation and composition;
« includes the resolution of many differential equations;

- effective computation, analogous to multivariate Laurent series.
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« B: a transbasis (by,...,b,)

A grid-based transseries can be represented as

v(f)=min{(a,...,00) | fa,....a, #0}
f=gitv(f)>v(g)
B =R[[b7%;...;0,%]]: the field of all grid-based transseries w.r.t. B

d1,...,0n: natural derivations on IR[[b}IR;...;b;IR]]
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A grid-based transseries can be represented as
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A grid-based transseries can be represented as
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Transseries and transbasis 4

« B: a transbasis (by,...,b,)
A grid-based transseries can be represented as
f= ) farta™ € RIBS.505 116271

an€R
op=Vy

« Vo(f)=min{ay! fo,#0}
Example: With 8= (log x, x, x*, exﬂ”), we can write
f= (logx)"+x 1+2x246x3+24x7 4+ 4 x X XX 4 x"2Xe2(X+X) .
= (BT +b3'+2065%+6Db5° + 2405 + ) 0+ b3 0, +b320, 4 -

Therefore, v(f)=(-,0,0,0) and v4(f) =0.



Ritt reduction S

B{F} =B[N F]: ring of (univariate) differential polynomials over IB

P: a non-trivial differential polynomial in B{F}\ B

tp: the highest 81 F occuring in P, called the leader of P

rank P:= (¢p,deg,, P), called the Ritt rank of P

Reducibility
P,Q.,...,QEB{F)\B

P is reducible w.r.t. Qq,...,Q; <= 13i, rank P = rank Q;



Ritt reduction e

B{F} =B[N F]: ring of (univariate) differential polynomials over IB

P: a non-trivial differential polynomial in B{F}\ B

tp: the highest 81 F occuring in P, called the leader of P

Ip: the leading coefficient of P, called the initial of P

Sp:=0P/dtp, called the separant of P

Ritt reduction

B{F}[5;] reduced w.r.t. Qy,...,Q

/fNT\ A N

81.”Iglsg11“.sgllp - 91Q1+.“+91Q1+R

PremQ := Prem(Qq,...,Q) = R



Quasi-linear equations

Valuation extension
v(f)€R"u{o0}: valuation in (b7';...;b,') of fFEB=R[[b7%;...;0,']]
Valuation extends to R[[b7;...;0;'|J{F} <R{F}[[b7%...;0;']]

.....

. P[d]:=Z|i|=dP,-51" F, where |i|:= Zjij and &) F:= Hj(éfF)if

Definition

The following equation is said to be quasi-linear if v(P)=v(P1) <v(P).

P(f) =0, f <1

6/14
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Valuation extension
v(f)€R"u{oo}: valuation in (b7%;...;b,;') of fEB=R[[b7%;...;b,']]

b

Valuation extends to R[[b7%;...;b,,' ]J{F} <R{F}[[b7%;...;0;']]

« Play=3,_4Pi81F, where |i|:= >_;ijand 51 F:= ]_[j(éfF)if
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Quasi-linear equations

Valuation extension
v(f)€R"u{o0}: valuation in (b7';...;b,,') of fFEB=R[[b7%;...;0,']]
Valuation extends to R[[b7%;...;0,,' ]J{F} <R{F}[[b7%;...;0;']]

o Payi=Y ;g PiSiF, where Ji|:= ) i;and 8] F:= [, (8 F)"

Example: With 8= (x,e*), the equation P(f)=0, f <1 is quasi-linear, where

pow Sl (i) 0 F s (1-2) Fe oL P e BLSY A

Because v(P)=v(P;17)=(0,0)<v(Poy) =
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Indicial polynomials

Indicial polynomial I,€R[N] of homogeneous PEIB{F} of degree d
Writing P=Y" . _,Pi0l FEB[SNF],
Ip(N) := Z (P)vpy (-N)V"I € R[N], lill := i1+2iy+ - +ri,
For general PEB{F} and f€B s.t. P(f)=0and f <1, we mainly focus on
o P, the differential polynomial s.t. P.s(e)=P(f +¢) for any e€B
o0, if Ip’f=0
= 4 vu(f), if Ip r(A)#0 forall A€R

max {A€R:Ip (1) =0}, otherwise

Note: I p r#0 whenever P(f) =0, f <1is quasi-linear.

7/14



Algorithms for power series 8/14
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Reduction and generalization orta

Let (Py, f1),..., (P fi) €7 [61 F]xB s.t. Pi(f;)=0.
Given QER[SNF,,...,8NF], decide Q (fi,..., fi) =0.
J
Given P,...,Pc€ 7[6NF], Qe 7 [8NFy,..., 5N F], decide Q(fi..., fi) =0,

where .7 B is a differential field with a

l
Given P,€ . Z SN F], Qe Z[8Y F], decide whether Q (f;) =0.

Theorem(van der Hoeven 2006)

The roots of any differential polynomial can always be an algebraic
differential extension field generated by exponentials, logarithms, and of
several equations.



Reduction and generalization orta

Let (Py, f1),..., (P fi) €7 [6NNF]xB s.t. Pi(f;)=0.
Given QER[SNF,,..., 8N F.], decide Q (..., fi) =0.
U
Given P,...,P.€ 7[8NF], Qe 7 [8NFy,..., 5N F], decide Q(fi..., fi) =0,
where .7 cB is a differential field with a

l
Given P,€ Z[S) F], Qe Z[ 8 F], decide whether Q (f;) =0.

|
Given P1€9[5{N F1, QE@[&N F1], decide whether Q (f1) =0,
where Pi(f1) =0, fi<1is



e P:ageneral differential polynomial in B[8]Y F]\ B

e fran arbitrary transseries in B s.t. f<1

* Lep=(Pip)p

. [[~3$:=C[[(|ogo.5.x.o|0gb1)"]R;...;(Iogb1)"]R;b{]R;...;b,_,]R]]



Existence 10/14

« P:a differential polynomial in B[&{¥ F]\ B
e fran transseries in B s.t. f<1
 Lpf=(Pip)m

B :=C[[(log- = -logby)™R;...; (logbt) ®;b7%;.. ;57K

Proposition

Let PEB[S) FI\B, f€B and 6>0. Assume that Lp s#0 and f <1. If vo(P(f)) >
vo(Lp r) + 0, then Phasarootfm[B with vo(f - f) > o, for some s€N.

Note: We always have Lp s+ 0 whenever Sp(f) #0.
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e P:apolynomial in B[S} F]\B s.t. P(f)=0, f<1is
e f:a of P in B satisfying f <1
Root separation for P at f

Smallest real number op s such that

* Opf 2 Vn(f); ) ) ) )
« Foranys€eINand feB,, P(f)=0 A vo(f-f)>0opsr = f=F.



Root seperation bounds

e P:apolynomial in B[S} F]\B s.t. P(f)=0, f<1is
e f:a of P in B satisfying f <1
Root separation for P at f

Smallest real number op s such that

* Opf 2 Vn(f); ) ) ) )
« Foranys€eINand feB,, P(f)=0 A vo(f-f)>0opsr = f=F.

Proposition

Given a quasi-linear equation P(f) =0, f <1 with a solution f, we have

opr < max(va(f),Zp ).

11/14



The new algorithm 12/14

Let P(f)=0,f<1bea equation with a solution f.

Algorithm ZeroTest( Qy,..., Q,)
INPUT: Qy,..., Qs€.F#{F}\{0}, ordered by non-decreasing Ritt rank
OUTPUT: true if Q;(f)="---=Qs(f) =0 and false otherwise
1. If Q:=Q.€.Z then return false
2. If ZeroTest(/q) then return ZeroTest(/g, Qy,..., Qs)
3. If ZeroTest(Sq) then return ZeroTest(Sq, Q1, ..., Qs)
4. 1f3J€{Q,,...,Q, P}, Jrem Q+0 then return ZeroTest(Jrem Q, Q;,..., Q)

5. Let o:=max (va(f),Zp,f, va(lQ(f)),va(Sa(f)))
6. Return the result of the test v,(Q(f)) >0+ va(Lq 5)



Correctness 1314

Algorithm ZeroTest( Qy,..., Q,)
INPUT: Qy,..., Q€ .F# {F}\{0}, ordered by non-decreasing Ritt rank
OUTPUT: true if Q(f)="---=Qs(f) =0 and false otherwise

If Q:=Q€.% then return false

If ZeroTest(/q) then return ZeroTest(/q, Qs,..., Q;)

If ZeroTest(Sq) then return ZeroTest(Sq, Qy,..., Qs)

If 3/€{Q,,..., Qs P}, Jrem Q+0 then return ZeroTest(Jrem Q, Q,..., Q)

Let o:=max (v,(f),Zp.f, va(lQ(f)),va(Sa(f)))
Return the result of the test v,(Q(f)) >0 +v,s(Lqf)
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Correctness

Algorithm ZeroTest( Qy,..., Q,)
INPUT: Qy,..., Q€ .F# {F}\{0}, ordered by non-decreasing Ritt rank

OUTPUT: true if Q(f)="---=Qs(f) =0 and false otherwise
1. If Q:= Q:€.% then return false
2. If ZeroTest(lq) then return ZeroTest(/g, Qy,..., Qs)
3. If ZeroTest(Sq) then return ZeroTest(Sq, Q1, ..., Q;)
4.1f3J€{Qy,...,Q, P}, Jrem Q+#0 then return ZeroTest(Jrem Q, Q;,..., Q;)
5. Let o:=max (va(f).Zp £, va(la(f)), va(Sa(f)))
6. Return the result of the test|v,(Q(f)) >0+ v,(Lq,r)

ILSEP = UpQ+---+U,87Q AfeB,, vo(f-f)>0 A Q(f)=0
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If Q:=Q€.% then return false

If ZeroTest(/q) then return ZeroTest(/q, Qs,..., Q;)
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Algorithm ZeroTest(Qy,..., Q,)
INPUT: Qy,..., Q;€.F{F}\{0}, ordered by non-decreasing Ritt rank
OUTPUT: true if Q(f)=---=Qs(f) =0 and false otherwise

1. If Q:= Q:€.% then return false

2. If ZeroTest(/q) then return ZeroTest(/q, Q;,..., Q;)

3. If ZeroTest(Sqg) then return ZeroTest(Sq, Q. .., Q)
4.1f3J€{Qy,...,Q, P}, Jrem Q+#0 then return ZeroTest(Jrem Q, Q;,..., Q;)
5

6

. Let o:=max (vo(f), Zp.5, va(la(f)), va(Sa(f)))
. Return the result of the test v,(Q(f)) >0 +va(Lqr)
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Algorithm ZeroTest(Qy,..., Q,)
INPUT: Qy,..., Q;€.F{F}\{0}, ordered by non-decreasing Ritt rank
OUTPUT: true if Q(f)=---=Qs(f) =0 and false otherwise

1. If Q:= Q:€.% then return false

2. If ZeroTest(/q) then return ZeroTest(/q, Q;,..., Q;)

3. If ZeroTest(Sqg) then return ZeroTest(Sq, Q. .., Q)

4. 1f3J€{Qy,...,Q, P}, Jrem Q+#0 then return ZeroTest(Jrem Q, Q;,..., Q;)
5

6

. Let o:=max (vo(f),Zp,5, va(la(f)), va(Sa(f)))
. Return the result of the test v,(Q(f)) >0 +va(Lqr)

ILSEP = UpyQ+--+U,87Q If€Bs, va(f-f)>0 A Q(f) =0
P(F) = 0 vn(la(f)) =va(la(f)) <o
f-7 va(Sa(f)) =va(Sa(f)) <o

Qi(f)=-=Qs(f)=0
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