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Polyhedra and Spectrahedra over R

For 41,...,¢m € R[x]<: real affine n-variate functions:

Polyhedron: &2 = {x ¢ R" : 4i(x) > 0,i=1,...,m}
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Polyhedra and Spectrahedra over R

For 41,...,¢m € R[x]<: real affine n-variate functions:
Polyhedron: &7 = {x € R" : 4i(x) > 0,i yee.,m}
For Ao, A1, ..., Ay € S™ real symmetric matrices
Spectrahedron: . = {x € R" : A(x) = Aj + x1A1 + -+ + x,A, = 0}
“» 0” = positive semi-definite = its eigenvalues are > 0.
A(x) = 0is called a LMI.

Fact: Polyhedra are Spectrahedra, since x € & < A(x) = diag({1,...,4m) = 0.
Fact: Polyhedra resp. Spectrahedra are convex.
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Polyhedra and Spectrahedra over R
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Motivations and properties

Polyhedra — feasible sets of Linear Programming (LP) O/ E

Spectrahedra — feasible sets of Semidefinite Programming (SDP)
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Semidefinite representable sets

The linear projection of a spectrahedron is called a spectrahedral shadow.
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Semidefinite representable sets

The linear projection of a spectrahedron is called a spectrahedral shadow.

The convex hull of the Fermat’s quartic x* + y* = 1
is a spectraedral shadow but not a spectrahedron

Not every convex (compact) semialgebraic set is a spectrahedral shadow (Scheiderer, 2018).
But what about spectrahedra over much more exciting fields like Q,?
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Setting

Discrete-valuation fields
Let K be a field with:
> discrete valuation vk : K — R U {400} making it complete,
> integer ring Ok,
> uniformizer
>
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Setting

Discrete-valuation fields

Let K be a field with:
> discrete valuation vk : K — R U {400} making it complete,
> integer ring Ok,
> uniformizer

> residue field «.

Example

K ‘ valuation ‘ R ‘ T ‘

Qp p-adic Zp p | Fp
Fq((t)) | t-adic Fol[t]] | t | Fyq
Q((1)) | t-adic Qlel |t |Q

and their finite extensions.

Topology somehow in-between discrete and continuous mathematics.
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Br(os A) :i={x € K: vk(x — ) > A}.
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Non-archimedean balls

Definition (Ball/disks)

Bk(az A) :={x € K: wk(x —a) > A}.

Definition (Polydisks)

BKn(Om,...,OLn;)\h...,An) = {X e K": \V/l, VK(X,'*CK,') > )\,}
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Non-archimedean balls

Definition (Ball/disks)
Bk(a; A) == {x € K: wk(x —a) > A}.
Definition (Polydisks)
Bin(Qty .oy @niAry ey An) = {x € K" : Vi, vk(xi — ) > Ai}.

Proposition

> Any point of Dx(c; \) is a center of this disk.

> [f two disks have a non-trivial intersection, then one contains the other. As such, any set of
disks has a forest / tree-like structure for inclusion.
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Ck(aya,b) = {x € K|a < val(x — a) < b},

forx € K,a< b eR.

13/34



Ck(aya,b) = {x € K|a < val(x — a) < b},

forx € K,a< b eR.

13/34



Annuli

Definition (Annulus)

Ck(a,a,b) = {x € K|a < val(x — a) < b},
forx € K,a< b eR.

Remark

Central object in p-adic differential equations or in non-archimedean analytic geometry.
Used to define series converging on Cx(c, a, b).
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Non-archimedean polyhedron

Definition
A polyhedron is a subset P C K" of the form

p—deck val(4i(x)) > 0 i=1,...,d
val(mj(x)) =400 j=1,...,e

for some £1,..., 04, mi, ..., me. € K[x]: (polynomials of degree 1).
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Non-archimedean polyhedron

Definition
A polyhedron is a subset P C K" of the form

i > i=1,...
p—deck val(4i(x)) > 0 i=1,...,d 7
val(mj(x)) =400 j=1,...,e
for some £1,..., 04, mi, ..., me. € K[x]: (polynomials of degree 1).

This can be written in matrix form:

P={x€K":Ax+v>=0,Bx+w=0},

for Aec K" ve K Be K" and w € K such that Ax + v = (&,...,Kd)T and
Bx+w:(m1,...7me)T.
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Non-archimedean polyhedron

Definition
A polyhedron is a subset P C K" of the form

i > i=1,...
p—deck val(4i(x)) > 0 i=1,...,d 7
val(mj(x)) =400 j=1,...,e
for some £1,..., 04, mi, ..., me. € K[x]: (polynomials of degree 1).

This can be written in matrix form:

P={x€K":Ax+v>=0,Bx+w=0},

for Aec K" ve K Be K" and w € K such that Ax + v = (ba,... ,Ed)T and
Bx+w:(m1,...7me)T.
Example

D(c,a)={xe€K":val(x —c) > a} = {x € K" :val (7 *(x — ¢)) > 0}.

As such, balls are polyhedron, and similarly for polydisks.
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Projecting polyhedron

Theorem (direct image (DI))
Letf : K" — K™ be an affine map and P a polyhedron in K". Then f(P) is a polyhedron in K™.
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Projecting polyhedron
Theorem (direct image (DI))

Letf : K" — K™ be an affine map and P a polyhedron in K". Then f(P) is a polyhedron in K™.

Idea of proof.
Use the Smith Normal Form of the linear part f; of f.

T 0 0 0 0

0 T2 0 0 0
Matg(fo)) =P | o 0o --- 7 o ... o]|Q

0 0 0 0 0

0 0 0 0 0

with P, Q € GL,(Ox).

Reduce to the case of: translation, isometry, projection. O
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Applications

Proposition (Characterization of polyhedra)

A non-empty polyhedron is the image of a polydisc under an affine map.
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Applications

Proposition (Characterization of polyhedra)

A non-empty polyhedron is the image of a polydisc under an affine map.

Proposition

Polyhedra in K are either the empty set or balls, possibly with infinite radius.

19/34



Table of contents

4. Spectrahedron
> Positive semi-definite matrices
» Definitions and first examples
» Spectrahedral shadows and polyannuli

20/34



Table of contents

1. Genereal context over R

2. Non-archimedean geometry

3. Polyhedron

4. Spectrahedron
> Positive semi-definite matrices

21/34



Definition and characterization

Definition
We say that a matrix M € K99 is positive semidefinite (M > 0)

22/34



Definition and characterization

Definition
We say that a matrix M € K¢ is positive semidefinite (M > 0) if

Specg(M) C Ok.

We denote by KiXd C K99 the set of positive semidefinite matrices.

22/34



Definition and characterization

Definition
We say that a matrix M € K9 is positive semidefinite (M > 0) if
Specg(M) C Ok.

We denote by KiXd C K99 the set of positive semidefinite matrices.

Theorem
M € K if and only if xm € Ok[T].
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Definition and characterization

Definition
We say that a matrix M € K9 is positive semidefinite (M > 0) if

Specg(M) C Ok.

We denote by KiXd C K99 the set of positive semidefinite matrices.

Theorem
M € K if and only if xm € Ok[T].

Proof.

Use Newton polygons.
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Definition and characterization

Definition
We say that a matrix M € K9 is positive semidefinite (M > 0) if
Specg(M) C Ok.

We denote by KiXd C K99 the set of positive semidefinite matrices.

Theorem
M € K if and only if xm € Ok[T].

Proof.
Use Newton polygons. O

Corollary

o ¢ kx4,
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(Counter)-Example

Example

Let

wilw

[SIFN

wrlw

€ Q.
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(Counter)-Example

Example
Let
3 4
M= |5 +5 = Qgﬂ.
4 3
5 5
Then

xm(T) =T> —5T — 4,
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(Counter)-Example

Example
Let
3 4
M= |5 +5 3 € QX2

4 _3

5 5
Then

xm(T) =T> —5T — 4,

Hence
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What is a spectrahedron?

Definition

Kd><d

A spectrahedron in is a set of the form

S=LnkK = {XEKdXd:erK",X:A0+ZX;A,,X>O}
i=1

where £ = Ay + span(As, ..., A,) C K™% is an affine space, for some Ay, A1, ..., A, € K9
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What is a spectrahedron?

Definition

Kd><d

A spectrahedron in is a set of the form

S=LNnK> = {XEKdXd:er K",X:A0+ZX;A,-,X>O}

i=1

where £ = Ay + span(Ar,...,A,) C K% is an affine space, for some Ao, Ai, ..., A, € frepsel

Definition

A spectrahedron in K"
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What is a spectrahedron?

Definition

Kd><d

A spectrahedron in is a set of the form

S=LNnK> = {XE K> 3x e KX = Ao+ Y xiAi X = 0}
i=1
where £ = Ay + span(Ar,...,A,) C K% is an affine space, for some Ao, Ai, ..., A, € frepsel
Definition
A spectrahedron in K" is any affine section of a set of the form
Sa=x (KX = {x € K": Ay + x1A1 + - - - + X:A, = 0}

for some d € N, where ps : K" — L C K% is the map pa(x) = Ao+ x1A1 + - - - + xaAp, and
L = Ay + span(As, ..., Ay).
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Polyhedron implies Spectrahedron

Proposition

A polyhedron in K" is a spectrahedron in K".
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Polyhedron implies Spectrahedron

Proposition

A polyhedron in K" is a spectrahedron in K".

Proof.

Basically, same idea as over R: we can put the inequalities of valuation into some big diagonal
matrix to get some linear matrix inequality. O
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Some spectrahedra are not polyhedra

Example

The following spectrahedron is not a polyhedron:

S=<{x€eK: >0
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Some spectrahedra are not polyhedra

Example

The following spectrahedron is not a polyhedron:

S=<{x€eK: >0

Proof.

By characterization of positive semi-definite matrices, one has

S={xeK:va(x(x+n") >0} ={xeK:valx >1}U{x € K:val(x — 7~ ") > 1}

which is not a ball in K.
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Some spectrahedra are not polyhedra

Example

The following spectrahedron is not a polyhedron:
S=qx€K: >0

Proof.

By characterization of positive semi-definite matrices, one has
S={xeK:va(x(x+n") >0} ={xeK:valx >1}U{x € K:val(x — 7~ ") > 1}
which is not a ball in K. Therefore, S is not a polyhedron. O
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Spectrahedra of K are finite union of balls.
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Spectrahedron in K

Proposition

Spectrahedra of K are finite union of balls.

Proof.

If S is a spectrahedron of K not reduced to a point, then
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Spectrahedron in K

Proposition

Spectrahedra of K are finite union of balls.

Proof.

If S is a spectrahedron of K not reduced to a point, then
S:{XGK:A0+XA1 EO}
=N {x € K : val(ai(x)) > 0}

for some integer d, matrices Ay and A; in K%%9, and x 4,4, (T) = Z;‘:O aT'

The set {x € K : val(a;j(x)) > 0} is a diskoid (see the next talk for more on diskoids).

Any diskoid is a finite union of balls.
Any intersection of finite union of balls is a finite union of balls.

Question
Are all spectrahedra of K diskoids?
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Annuli and shadows
Theorem
Annuli in K such as Cx(0, a, b) = {x € K| a < val(x) < b} are spectrahedral shadows.
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Proof.
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M(x,y) = v 0 =0
0 0 ! —m %
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Proof.
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Then M = 0 if and only if (x, y) is a solution of the system of inequalities:

val(m %) > 0
val (x) > a
val(m®y) > 0
= qval(y) > —b
val(m7' =77 ") = +00 > 0
val (xy — 1) > 2

val(m? (xy — 1)) >0

Thus val (x) + val (y) = val (xy) = val (—1) = 0. Therefore val (x) = —val (y) < —(—=b) = b
and x € Ck(0, a, b).
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Annuli and shadows
Theorem

Annuli in K such as Cx(0, a, b) = {x € K| a < val(x) < b} are spectrahedral shadows.

Proof.
T % 0 0 0
b
M(x,y) = 0 Ty 0 0 > 0.
0 0 ! —m %
0 0 71'71y —r!

Then M = 0 if and only if (x, y) is a solution of the system of inequalities:

val(m %) > 0
val (x) > a
val(m®y) > 0
= qval(y) > —b
val(m7' =77 ") = +00 > 0
val (xy — 1) > 2

val(m? (xy — 1)) >0

Thus val (x) + val (y) = val (xy) = val (—1) = 0. Therefore val (x) = —val (y) < —(—=b) = b
and x € Ck(0, a, b). The converse is clear and Ck (0, a, b) is the proj. of the spectrahedron
defined by M. O
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Annuli and spectrahedron

Theorem
If the residue field of K is infinite, no (non-trivial) annulus of K can be a spectrahedron of K.
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Annuli and spectrahedron

Theorem
If the residue field of K is infinite, no (non-trivial) annulus of K can be a spectrahedron of K.

Proof.

Spectrahedra of K are finite union of balls.
If the residue field of K is infinite, no annulus can be finite union of balls.
For example with the unit circle:

{x € K|val(x) = 0} = IT;c . x B(b, val())

for some representatives b; € O of the classes of (Ox \ {0})/7O0x = k™. O
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Summary

> Definition and first properties of polyhedron and spectrahedron over K.
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Conclusion

Summary
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> Can we give an explicit representation?
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