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Where are the roots of approximate polynomials?

Assume one would like to study the 5-adic properties of f = X* + X + 1.
In:
In:
In:
In:
In:

Out:

A =0p(5)

B = PolynomialRing(A,X’)

X = B.gen()

f =X 2+X+1

f
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Where are the roots of approximate polynomials?

Assume one would like to study the 5-adic properties of f = X* + X + 1.
In:  A=0p(5)
In: B =PolynomialRing(A,X’)
In: X =B.gen()
In:  f=X"24X+1
In:  f
Out: (1 + 0(5720))*X™2 + (1 + 0(57°20))*X + 1 + 0(5°20)

One here will naturally works with the approximate polynomial f + O(5%).

Where are the roots of approximate polynomials?

Case of
f =X + O(P20)7

X?: 0is a double root.

X* — p*: two simple roots, X* — p*° = (X — p"")(X + p").

Is there a good answer to handle and clusterize all the roots of the polynomials of the
form f + O(p")?
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K ‘ valuation ‘ R ‘ T ‘

Qp p-adic Zp p | Fp
Fq((t)) | t-adic Fol[t]] | t | Fyq
Q((1)) | t-adic Qlel |t |Q

and their finite extensions.

Topology somehow in-between discrete and continuous mathematics.
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Definition (Ball/disks)

Bik(a; A) ={x € K: w(x—a)>A}.

Definition (Discoid)
Let ¢ € K[x] be a monic polynomial and let A\ € Q. Then
Di(pi A) == {x € K= w(p(x)) = A}
is the discoid with center ¢ and radius A over K.
Definition (Gauss valuation)
Let f = 3.7, aiX’ € K[X], we define the Gauss valuation of f as:

walf) i= ip, vela)

Remark
If g = f + O(p") then
po(f — &) > N.
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1. [Relative configuration of the roots of f: OM algorithm.
2. Compute the error functions at the roots and their inverses.

3. Compute the relative configuration of Brink’s balls: 'app. Berkovich skeleton .
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2. Any set of disks has a forest / tree-like structure for inclusion.

Definition
The Berkovich skeleton of the roots of f = [, (X — a;) is the tree (for the inclusion
relation) of the disks

Bie(cvi, vig(evi — o)) -

Case of f5 := (x — £?)(x — 282)(x* — £)(x*> — t) € Q((t))[x]
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) }
1/2

Case of fi := (x — £2)(x — 222)(x* — £5)(x* — t) € Q((1))[x]

[CE R
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Two words on cluster pictures

What is a cluster picture?

Can be understood as a top-down representation of the Berkovich skeleton. Galois action on
the balls (or discoids) is also represented.

Case of f5 := (x — t2)(x — 2t%)(xX* — ) (x* — t) € Q((1))[x]

[ v }7/ : l/z

Applications of cluster pictures?
Semistable model, lattice of regular forms, regulator, etc. . . for curves in arithmetic geometry
(see e.g. Kunzweiler2021; Best2022).
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OM - Berkovich correspondance

{

polynomial }
OM algorithms
A,
. augmenting valuations using
valuative tree k .
ey polynomials ¢ and value A
Ruth 2015,

correspondance by the sup-norm

Corresponding discoid Dk(p; A)

tree of diskoids } Cxe K w(p(x) > A} = UL, Be(ai, )

Kunzweiler 2021 + PVW 2025,

only if there is no wild ramification

Berkovich skeleton }
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The discoid point of view on the OM algorithm

®
o
o
o
o
® - o0
o
®
o
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New version of the OM algorithm
We have adapted the OM algorithm to better handle small precision.

'Plus some univariate factorizations over & of degree sum at most d and whose cost fits in the aimed bound if  is
finite.
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Let f € A[x] be monic of degree d and let o € N. We have a deterministic algorithm that
compute an irreducible factorization of f + O(77):

=" f"+0(x%),
with the truncations f; + O(w?) distinct and irreducible. Complexity is in
O(d*c + do?)
operations in K. '

Remark
If £ € k[[t]][x] with char(k) = 0 or > deg(f) then vdHL25 can do it in O(do).

Remark

The Berkovich skeleton of the roots can still be recovered from the valuative tree of this OM
algorithm.

'Plus some univariate factorizations over & of degree sum at most d and whose cost fits in the aimed bound if  is
finite.
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Example: from the Berkovich skelon to the distance between roots
Case of f5 1= (x — t2)(x — 282)(x*> — ) (x* — t) € Q((t))[x]

/3 jt5/3 j2t5/3 £1/2 _/2

Matrix of the valuations of the differences of roots

0 3 32 2 3 2 3
L A
202 05 3 53
ME=13 313 035 %3
o205 03 053
o2 5 3 5 002
2 203 3 03 20
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Case of the root ¢ of fs.
Corresponding row of MVj:

Definition of ®:
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O

10 -+

28 |

3

1

2

u
0 1 S 2
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Reorganization as a tree

Case of f5 and precision 50: presenting all balls
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Reorganization as a tree

Case of f5 and precision 50: presenting all balls

j2t5/3 t1/2 _t1/2

e [per] o]l 2o
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After computation: final form

Approximate Berkovich skeleton of f5 + O(7*°) (127/3 = 42.333...)
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Final theorem

Proposition

Let f € K[x] be monic of degree d. Let o € N.

2Plus some univariate factorizations over x of degree sum at most d and whose cost fits in the aimed bound if  is
finite.
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Remark

> We can handle non-simple roots.

> It is also valid for approximate cluster pictures.
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In: A =FunctionField(QQ/t’)

In:  t=Agen()

In: B =PolynomialRing(A,X’)

In: X =B.gen()

In:  f=Xx"2
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Going back to the first example: x* + O(t%)

In:
In:
In:
In:
In:
In:

A = FunctionField(QQ,t’)

t = A.gen()

B = PolynomialRing(A,X’)

X = B.gen()

f=x2
Forest_detailed_approximate_berkovich_skeleton(f, 20, 20)

V0|0

o n

In black: Balls of given log-radii defined by diskoids defined by the following

valuations:
v: Gauss valuation induced by (t)-adic valuation
In blue: Balls coming from Brink’s inequality.

In red: Roots.
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Case of f, = (x> — £2)% — xt® — t’ € k[[t]][x] at precision 50

In black: Balls of given log-radii defined by diskoids defined by the following
valuations:

vo: Gauss valuation induced by (t)-adic valuation

v1: Augmentation of vy by v(®; = z) = 3/2

vg: Augmentation of vq by v(®y = ®2 —13) =7/2
In blue: Balls coming from Brink’s inequality.

In red: Roots.
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Case of f, = (x*> — )% — xt® — t” € k][[t]][x] at precision 7

In black: Balls of given log-radii defined by diskoids defined by the following
valuations:

vo: Gauss valuation induced by (¢)-adic valuation
v1: Augmentation of vy by v(®; = z) = 3/2
vg: Augmentation of vy by v(®y = ®2 — %) = 7/2

In blue: Balls coming from Brink’s inequality.

In red: Roots.
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Conclusion

Summary

> Toy implementation of the computation of (approximate) cluster picture, Berkovich
skeleton of the roots, valuative tree: https://gist.github.com/TristanVaccon

28/30


https://gist.github.com/TristanVaccon

Conclusion

Summary

> Toy implementation of the computation of (approximate) cluster picture, Berkovich
skeleton of the roots, valuative tree: https://gist.github.com/TristanVaccon

> New OM algorithm that can handle multiplicity and wildness.

28/30


https://gist.github.com/TristanVaccon

Conclusion

Summary

> Toy implementation of the computation of (approximate) cluster picture, Berkovich
skeleton of the roots, valuative tree: https://gist.github.com/TristanVaccon

> New OM algorithm that can handle multiplicity and wildness.

> Complexity estimate of those computations.

28/30


https://gist.github.com/TristanVaccon

Conclusion

Summary

> Toy implementation of the computation of (approximate) cluster picture, Berkovich
skeleton of the roots, valuative tree: https://gist.github.com/TristanVaccon

> New OM algorithm that can handle multiplicity and wildness.

> Complexity estimate of those computations.

Future works

> More efficient implementation and integration to SAGEMATH.

28/30


https://gist.github.com/TristanVaccon

Conclusion

Summary

> Toy implementation of the computation of (approximate) cluster picture, Berkovich
skeleton of the roots, valuative tree: https://gist.github.com/TristanVaccon

> New OM algorithm that can handle multiplicity and wildness.

> Complexity estimate of those computations.

Future works

> More efficient implementation and integration to SAGEMATH.

> Berkovich skeleton and cluster pictures in the case of wild ramification?

28/30


https://gist.github.com/TristanVaccon

Thank you for your attention

Thank you
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Bonus: wild (counter-)example

Example ( Kunzweiler2021)
Let ¢, := x* — 2 € Qa[x]. Because val,(2v/2) = 2, its cluster picture is:

L= (=9

However, ¢, is irreducible and one can not get a longer chain of valuation than
[vo, vi(x) = %, vz(x4 —2) = 4o0].

In other words, the two clusters with two roots and relative depth 1 can not be seen on the

0

chain of valuations.

1/8



Valuation on K[x]

Definition
Let V(K[x]) denote the set of discrete valuations on K[x] which extend vk and satisfy
v(x) > 0.



Valuation on K[x]

Definition

Let V(K[x]) denote the set of discrete valuations on K[x] which extend vk and satisfy
v(x) > 0.

Remark

The Gauss valuation yo is in V(K[x]) .



Valuation on K[x]

Definition

Let V(K[x]) denote the set of discrete valuations on K[x] which extend vk and satisfy
v(x) > 0.

Remark

The Gauss valuation yo is in V(K[x]) .

Let v € V(K[x]).

Definition
> The valuation ring of vis O, := {f € K[x] : v(f) > 0}.
> Its prime ideal is O] := {f € K[x] : v(f) > 0}.

> its residue ring R, := O,/0; (always isomorphic to some r,[¢] with x, a finite
extension of k)



Augmented valuation, inductive valuation

Definition
Let v € V(K[x]), ¢ a (key) polynomial over v and A > v(¢).
We define the augmented valuation

v =1[v,v(¢) = Al € V(K[x])

as follows:

[v’(f) = min; (v(f}) + iA)j
where the unique p-expansion of f is f = Ziﬁnpi.




Augmented valuation, inductive valuation

Definition
Let v € V(K[x]), ¢ a (key) polynomial over v and A > v(¢).
We define the augmented valuation

v =1[v,v(¢) = Al € V(K[x])

as follows:

[v’(f) = min; (v(f}) + iA)j
where the unique @-expansion of f is f = Y. fip'.

Definition

Starting from v, an inductive valuation is defined recursively as:
Vn = [V07 V1(g01) = )‘17 000y V”(SD”) = A’7]

via v := [k, vi(px) = M| fork=1,--- . n.



Bonus: Dissection by slope of Newton polygon: Classical case

Definition
If P=ao+ a1 X + - - -+ a, X", NP(P) is the lower convex hull of the set

{(i,val(a;)) foriin [0, n]} .

Then P splits with one factor by slope of NP(P) and these factors are relatively prime.

Example
P=3+9X+7X* +3X> + 2X*, over Qs

P splits into two factors.
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Bonus: Dissection by slopes of Newton polygon: inductive valuation

Definition
If wis a valuation, ¢ € K[x] and P =ay + a1 X + - - + a, X" = b0+b1(,0+~~~+akg0k,
NP,,.(P) is the lower convex hull of the set

{(i, w(bi)) foriin [0,n]}.

Then in the OM algorithm, applied on P, u has one descendent by slope of NP,,.

Example
P=t+5P0+ @+ (7t + ) + ¢, in Q((£))[]

2+ —I— Here vy is the Gaussian valuation.
w = X —t.
H —I_ Then v, splits into two valuations.
| |
7%—— I
0 |
1 2 3 4



Bonus: Residual factorization

Theorem
Iff € Ok[x] is monic with
f mod =g X he K[x]

with g, h relatively primes, then f splits in Ox[x] with factors obtained from g and h by
Hensel-Newton.



Bonus: Residual factorization

Theorem
Iff € Ok[x] is monic with
f mod =g X he K[x]

with g, h relatively primes, then f splits in Ox[x] with factors obtained from g and h by
Hensel-Newton.

Theorem
Iff € Ok[x] is monic with reduction

f:gxhemv

with g, h relatively primes, then the augmentations of v should follow two branches: one for g
and one for h.



Bonus: Refinement of the valuation

Not splitting
If there is no dissection by residual polynomial nor by Newton polygon, then
f = g” e mv,

for some irreducible g € R,,
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Bonus: Refinement of the valuation

Not splitting
If there is no dissection by residual polynomial nor by Newton polygon, then
f = g” e mv,

for some irreducible g € R,,

Refinement or irreducibility

> If n = 1: f is irreducible.

> Else, n > 1and one refines v using an n-th root approximation of f.



Bonus: OM algorithm in practice: construction of the valuative tree

> = X2 — t,

> = 4,0% + 2t

> o3 = (p3+at7) (p3—2t7) 4+t
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> f; has degree 96.

Inside the computation
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Bonus: OM algorithm in practice: construction of the valuative tree

> = X2 — t, @
> =i+ 2t

> o3 = (p3+at7) (p3—2t7) 4+t
>f3:(p§7t82+t83.

> f; has degree 96.

Inside the computation

> Residual polynomial of £; in R,: (x — 1)*.
> NP, 2_(f3) has one slope: —%.

, with x> — t being a 48-th approximate root of f;.

> Extension with v,(x*> — t) = %



Bonus: OM algorithm in practice: construction of the valuative tree
> = X2 — t,
> g2 =1+ 2t °

> g3 = (p+at7) (p3—-2t7) 417,
F_fg:go%ftngrt%.
> f; has degree 96.

Inside the computation

> Residual polynomial of £; in R,: (x +2)'°.

. 13
> NPvz,x6—3tx4+3t2x2+2t4—t3 (f3) has one slope: =5

> Extension with vs(x® — 3tx* + 38°x* + 2t* — ) = L;



Bonus: OM algorithm in practice: construction of the valuative tree
> = X2 — t,
> g2 =1+ 2t °

> o3 = (p3+at7) (p3—2t7) 4+t @
Pfg:go%ftngrt%.
> f; has degree 96.

Inside the computation

> Residual polynomial of f; in R,: 64(x + 1)°x™(x* — x + 1)%.

> Many extensions: v4, vs, Vs.
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Bonus: OM algorithm in practice: construction of the valuative tree
> = X2 — t,
> g2 =1+ 2t °

> o3 = (3 +4t7) (p3—2t7)+17, °
> f= -

> f; has degree 96. ° ° °

Inside the computation
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> = X2 — t,

> =i+ 2t

> 3= (P +HatT) (93 —2t7) 417,
Pfg:go%ftngrt%.

> f; has degree 96.
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Bonus: OM algorithm in practice: construction of the valuative tree

> = X2 — t,

> =i+ 2t

> 3= (P +HatT) (93 —2t7) 417,
Pfg:go%ftngrt%.

> f; has degree 96.

> f; has 6 irreducible factors

Inside the computation

More splitting and refinements.
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